IB Vector Problems May 07 — May 08 MARKSCHEME
1. (a) () METHOD1

R 1 1 0
AB =b-a=|2|-|1|5]1
1

(A1)
3 2

R 3 1 2
AC =c—a=|0|-|1|=]-1 (Al)

1 2 -1

i j kK
BxAC=10 1 1 Ml

2 -1 -1
=i(-1+1)=j(0-2)+k(0-2) (Al)
=2j -2k Al

Area of triangle ABC = %‘2j—2k‘:%«/§(=«/5) sq. units  M1Al

Note:  Allow FT on final Al.

METHOD 2
AB|=+2,]BC|=+12,|AC|=/6
AlA1A1
Using cosine rule, eg on ¢ Ml
cos C= 7(”1272:—2\/5 Al
2072 3
.'.ArcaAABC:%absin C Ml
= %«/Ex/gsin [arccos%}
= Sﬁsin [arccos#] (:ﬁ) Al
Note: Allow FT on final Al.

(i) AB=+2 Al
V2 = %ABxh:%ﬁxh,h equals the shortest distance M1)
=>h=2 Al

(i) METHOD 1

0
mhas formre| 2 |=d M1

-2

()

(@)

Since (1, 1, 2) is on the plane
1 1
d=|1]|+] 2 |=2-4=-2
2) (-2
0
Hencere| 2 |=-2
-2

2y—2z=-2(ory—z=-1)

METHOD 2
1 0 2
r=|1|+A] 1 |+u| -1
2 1 -1

x=1+2u (i)
y=1+A-p (i)
z=2+A-pu (i)
Note: Award Al for all three correct, AQ

otherwise.

From (i) u= XT_I

substitute in (i) y = 1 + 4 — [%Ij

x—1
=>A=y-1+|—
)

substitute A and g in (iii)

=z=2+y-1+ o) (x=d
2 2

=>y-z=-1

The equation of OD is

0 0
r=A4Al 2 |, |orr=4| 1
-2 -1

This meets 7 where

24+24=-1

Coordinates of D are [0,—l,l)
2°2

MIA1

Al

(M)

Al

M1

Al

Ml

(M)

Al

Al




2.

@) |oD|=.jo+ -ijz+[lz—i
2 2) 2
METHOD 1
Useof |axb|=|a||b|sind
laxb=|al|b[sin’0

Note: Only one of the first two marks can
be implied.

=laf b} (1-cos’6)
=lal|bF-|af|bF cos’d
=laP|bP-(al|b]|cost)

Note:  Only one of the above two Al marks can
be implied.

=lal|bP-(a*b)
Hence LHS = RHS
METHOD 2
Useofasb=|a||b|cosd
lal|b] - (a+by=|al*|b[~(a||b]|cost)®
=lal|bP-|al|b[ cos’®

Note:  Only one of the above two A1l marks
can be implied.

=laf |6 (1-cos’d)
=lal|bsin’6
=laxbl
Hence LHS = RHS
Notes: Candidates who independently correctly
simplify both sides and show that
LHS = RHS should be awarded full marks.

If the candidate starts off with expression
that they are trying to prove and concludes
that si”’ 0= (1 — cos29) award
MI1A41414140A0.

If the candidate uses two general 3D vectors
and explicitly finds the expressions correctly
award full marks. Use of 2D vectors gains a
maximum of 2 marks.

If two specific vectors are used no marks are
gained.
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(a)

(b)

©

(d)

B
Use of cos@= w

OA|

N

A

AB =i—j+k
‘XB‘ -3 and ‘o?x‘ =32
OA-AiB =6

substituting gives cos@= % [:?] or equivalent

- >
Li:r= OA +sAB  orequivalent

Lir=i-j+4k+s(@i—j+k) orequivalent
Note: Award (M1)A0 for omitting

“r =""in the final answer.

Equating components and forming equations involving s and ¢
1+s=2+2t,-1-s=4+t,4+s=T7+3¢t
Having two of the above three equations
Attempting to solve for s or ¢
Finding either s =3 or r=-2
Explicitly showing that these values satisfy the third equation
Point of intersection is (- 2, 2,1)
Note:  Position vector is not acceptable for final Al.

METHOD 1

1 2 -3
r=|=1[+A[1|+p| 3
4 3 -3

x=1+24-3u,y=-1+A+3uandz=4+31-3u
Elimination of the parameters
x+y=3iso4(x+y)=121andy +z=441+3s03(y +z)
=124A+9
3y+z)=4x+y)+9
Cartesian equation of plane is 4x + y — 3z = -9 (or equivalent)
METHOD 2
EITHER
The point (2, 4, 7) lies on the plane.
The vector joining (2,4, 7) and (1, — 1, 4) and 2i +j + 3k
are parallel to the plane. So they are perpendicular to the
normal to the plane.

(i—j+ak) - Qi+4j+Tk)=—i—5 -3k
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i j ok
n=-1 -5 -3
2 1 3
=—12i-3j+9k or equivalent parallel vector
OR
Ly and L, intersect at D (-2, 2,1)

.
AD = (<2i + 2+ k) — (i —j + 4k) = =3i + 3j — 3k

i j k
n=2 1 3
-3 3 -3

=-12i-3j+9k or equivalent parallel vector
THEN
ren=(i—j+4k)*(-12i - 3j+ 9k)
=27

Cartesian equation of plane is 4x + y — 3z = -9 (or equivalent)

1
The normal vector to the plane is | 3 |.
2
EITHER
Ois the angle between the line and the normal to the plane.
4 1
1 |o|3

cosf=

-2)\2 3 3
NN NG [7 7«/3)
=60 =79.9°(=1.3%..)
The required angle is 10.1° (= 0.176)

OR
¢is the angle between the line and the plane.
4 1
1 |of3
. -2) \2 3
sing=——~=—=t=—e—e
Viay21 14421

$=10.1° (=0.176)
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5.

METHOD 1
(from GDC)
1o 1oL
6 12
I
3 6
00 0 0
1 1
X+—A=——
6 12
2 1
L=z
T3
1 1
=|—-—i——j|+A|——i+=j+k
(-izi-g (53]
METHOD 2

(Elimination method either for equations or row reduction of matrix)

Eliminating one of the variables
Finding a point on the line
Finding the direction of the line
The vector equation of the line

Eliminating any one of the variables

Using the first two equations this could be y — 2z =1
Letz=a

=y=2a+l

From the first equationx=3+2a+ 1+ «
=>x=3at4
Hencex=3a+4,y=2a+1,z=a

x) (4 3
OR |y|=|1|+a|2

z 0 1
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4+1
(@) [, r=|3+52
-2A
for/y forx=2,A=-2
=>y=-7
=>z=4

Therefore point fits on line.

b) 4+1=2 Eq (1)
3+54=-1+2u4 Eq(2)
21=3-3u Eq(3)

From Eq (1), A=-2

FromEq (2),3-10=-1+2u
-7=-1+2u

u=-3

Substituting in Eq (3)
=4=3+9

= lines do not intersect

EITHER

The parametric equations of the line are
x=4-1

y=-2+22

z=6+44

Substituting into the left handside of the equation of the plane
24—A) = (2+24) +(6+42)=8-24+2-24+6+41
=16
This equals the right handside.
Hence the line is contained in the plane.
OR
We first need to prove that that the line and the plane are parallel.
If true, the scalar product is zero.
-1 2

2 |o|=1|==2-2+4=0

4 1
Now we need to show that a point on the line lies in the plane.
A point on the line is (4, -2, 6)

4 2
—2|e| -1 |=8+2+6=16

6 1

Hence this is true.
Therefore the line is contained in the plane.
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9.

10.

11.

3) (u
s=31]+ -2
2) L1

Note: Allow FT on a * b provided a * b is scalar.

9+ u
s= 1
32+1
9+u 2
sca=0=> 1 <1 3]=0
32+1 -1

Note: Allow FT fors.
18+2u+3-31-1=020+2u=3%)

;20420
3

n=-2i+tj—kandn,=i+2j-k

‘n1‘=«/gand‘nz‘=\/g

cos§) =212
|
cosg = D2iti—K)e(i+2j—k)

Vo x/6

cosﬁz% (0.167to3sf)

METHOD 1

AB=2j—k and AC=-3i+2j

i j k
ABxAC=|0 2 -1
-3 2 0
=2i+3j+ 06k
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1

Area A ABC = 5 ABxAC|

SN

METHOD 2

AB=2j-k and AC=—-3i+2j

Attempting to use the scalar product to find fie

XBtKC:KB KC cos@
4 4 7
cosf=—— | f= arccos———=arcsin—==060.255...°
65 [ V65 V65 J
[N e | i 1 7
Area AABC = —|AB||AC|sin0 | ==x/5x+/13x—=
2 2 Jes
-7
2
i
@ @G -2 2 3|=-3i+6j-6k
2 1 0

(i) n=i-2j+2k soequationof 7 is
x—=2y+2z=D(orren=a-+n)
substituting (3, 1,5) =3 -2+ 10=D
soll=D

Therefore the equation of plane 7 is x — 2y + 2z =11

(b)  Using scalar product
of normal vectors
1 2
—2|e| —1|=2+2-4=0
2 -2

The normals are perpendicular, so the planes are perpendicular.

() METHOD 1
Elimination of one variable.
Choosing a parameter.
METHOD 2
Finding direction of the line
Finding a point on the line

x=21-1y=24A-6;z=1
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(d

(e)

(2)

()

0R[x=,u+5,y=,u,z=%,u+3j

OR x:t,y:t—S,z:lt+l
2 2

-1 2
OR|r=|—-6|+4|2
0 1

Direction vector of [, =2i +2j+ k

equation of /,: g:yfﬁ:ﬂ
2 1
(i) Recognizing that the equation of line (PQ) is needed

3 2
equation of line (PQ) is r=| -5 |+#| —1

-1 -2
Qonm=2B+2)—(-5-1)-2(-1-20=4
t=-1
=0=(1,-4,1)

() PQ= JB-1F +(5+4F +(-1-1)
=3

Substituting for a, b and ¢ into ¢ = ma + nb

Forming any 2 of the following equations

m+n=2 Eq(1)
-m+2n=-5 Eq(2)
m+4n=-1 Eq(3)

Note:  Accept equations in vector form.
Solving for m and n

m=3andn=-1

METHOD 1
i i K
axb=1 -1 1
I 2 4
=—6i—3j+3k

Attempting to find | @ x b | (=x/574=3\/€)
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(d)

1 . s 1 ..
U= ———(~6i - 3j + 3k) [:—(72:71+k)
V54 V6
Note:  Award as above for b xa = 6i + 3j — 3k
and u = L(%Si =3j + 3k).
54

i
METHOD 2

Stating 2 equations derived from @ * u and b * u where
u=xi+y+zk

x-y+tz=0 Eq(1)

x+2y+4z=0 Eq(2)

Attempting to solve the above system of equations
Solution sets include

x=-2zandy=-z

OR y:%andz:%x

ORz=-yandx=2y
Note:  Accept any correct numerical solution
suchasx=2,y=1z=-I.
Using i +y2 +2=1 (ie] u | = 1) to find values for x, y and z.
1 1
Eitheru= —=(2i+j—k) oru= —=(-2i—j+k)
V6 J6

Note:  Ignore any additional answers, even if
incorrect.

(i) METHOD 1

Equation of 7; is of the formx +2y +4z=d
Substituting (1, -1, 1) (= d=3)

= (x+2y+4z=3

METHOD 2

re(i+2j+4ky=d

Evaluate the scalar product a « (i + 2j + 4k) (= 3)
=>x+2y+4z=3

() LG,0, m,m[o,%,o) and N (o,o,%)

(i) P has coordinates (x, y, z) = ( 4, 24, 44)
Substituting the coordinates of P into the equation of 7z;
A+4A+164=3

)

o
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p[l,
S
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(i)  Distance = %,/12 +22 447
V21
7

or equivalent (= 0.655)

Note:  Award MOAO for any other method.

(Given @is the angle between 7, and a line and ¢ is the angle
between the normal and a line) cos a = cos [%—szsin 4

aeb

Using the scalar product eg sin = T
allo

aeb
W or cosa=
(i—j+k)o(i+2j+dk)

(in6)= li— j+lfi+ 2+ 2]

1 .
= —= (or equivalent)
7

6= 0.388 (= 22.2°) [:arcsin L]
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